Abstract. This paper presents a multi-product, multi-period inventory problem in an uncertain environment where the main suppliers are prone to yield uncertainty. In order to overcome the arisen uncertainties, two basic approaches of emergency ordering and product substitutability are taken into consideration. In the proposed emergency ordering scheme, two sets of suppliers, i.e. cheap unreliable and expensive reliable (emergency) suppliers, are considered and a tradeo between the cheap price of the main suppliers and reliability of emergency supplier is attained. In product substitution scheme, the demand of each product is ful lled directly by the related product or other substitute products. A riskaverse decision maker is taken into consideration whose risk-averseness level is controlled by the portion of demand which should be de nitely satis ed and not backordered or lost. A robust optimization approach with two variability measures is proposed to minimize the variability of the model. The results reveal the value of emergency ordering and product substitution. In addition, the results suggest which measure should be selected according to the decision maker's attitude toward the desired pro t, variability, and service level.
Introduction
In the last few decades, by the expansion of global business networks, organizations have tended to concentrate only on their core competitive capabilities and preferred to outsource the other portion of their activities. Although such practices can improvenancial and operational performance of organizations in a problem-free environment, they can leave inverse consequences due to the high dependencies at time of disruption. Having no contingency, i.e. plan B, to protect the system against uncertainties, organizations will su er the associated unexpected losses. This paper presents a multi-period, multi-product inventory problem with uncertainty in the supply of products and two types of exibilities, i.e. emergency ordering and product substitution, are proposed to manage the e ect of the arisen uncertainties. In emergency ordering scheme, it is possible to place orders on both cheap, unreliable suppliers prone to yield uncertainty and expensive reliable (emergency) supplier. Although unreliable suppliers have lower prices, the emergency supplier may outperform the cheap suppliers due to its reliability. Accordingly, in a proper ordering policy, a tradeo between reliability and pro tability of suppliers is achieved. In several contemporary examples, emergency ordering option has proved its e ectiveness by the additional exibilities provided for the decision maker. For instance, after a re at Aisin Seiki Co., the main P -valve supplier of Toyota, which decreased its production capacity, Toyota called several exible part-makers to manufacture the required P -valves. Somic was able to supply the P -valve con guration of Toyota by freeing up machines and delivered the required P -valves right on schedule. Taking advantage of emergency order to Somic, Toyota was able to leap a huge nancial loss [1] . Besides emergency ordering decision, this paper jointly deals with product substitutability as another tool to handle the arisen uncertainties. Product substitution is applicable in a variety of industries including pharmaceutical, semiconductor, chemical industries, etc. For instance, in pharmaceutical industries, it is possible to use products with similar clinical e ects interchangeably. In addition, in semiconductor industries, a high-performance product can be substituted with a similar yet lowperformance product. In several contemporary examples, product substitutability has emerged as a valuable option for managers. For instance, after a re ignited by lightening at Royal Philips, the main supplier of Nokia microchips, Nokia substituted other compatible microchips, supplied from US and Japan, in its products to prevent market loss and customer dissatisfaction [2] . This paper presents an integrated model of product substitutability and emergency ordering. Although implementation of the emergency ordering or product substitutability concepts can improve the quality of solutions per se, considering an integrated model with emergency ordering and product substitutability can synergistically improve the quality of solutions. This arises due to the fact that emergency ordering option will improve the quality of procurement part while product substitutability option improves selling part of the model. Accordingly, considering an integrated model of emergency ordering and product substitutability can signi cantly improve the quality of the overall solutions and lead to higher net pro t level. Clearly, the outcome of the model basically depends on the outcome of uncertain parameters. In this paper, to deal with uncertainties in the optimization models, a two-stage stochastic programing model and its robust extension are applied.
The main contribution of this paper can be summarized as follows: incorporation of emergency ordering and product substitutability into a nondeterministic inventory problem, in which unreliable suppliers are prone to yield uncertainty; and implementation of a robust approach as a novel tool considering the current limitations on the solution methodologies of inventory problems with uncertainties. This paper is organized as follows. In Section 2, the related literature is presented with respect to the di erent related features of the problem. In Section 3, the mathematical model is presented. In Section 4, the numerical analysis of the case study is presented and the paper is concluded in Section 5.
Literature review
By the outbreak of disruption and, accordingly, probable uncertainties in practical supply chains, numerous studies have been performed on business continuity frameworks, which desire to diminish the e ects of disruptions on supply chains, e.g. [3, 4] . Researchers have studied the e ect of disruption on supply chains by di erent approaches. This paper studies an inventory problem with yield uncertainty in which the decision maker desires to improve the performance of the supply chain by the exibilities prepared by emergency ordering and product substitution. Accordingly, our work is closely related to two streams of research in the literature including emergency ordering and product substitutability in inventory models with uncertainty. In many practical implementations, the delivered quantity does not match the ordered quantities. Such concept can be modeled by uncertainty in the yield of suppliers. Qi and Shen [5] considered an EOQ model in which the suppliers were prone to yield uncertainty. Mukhopadhyay and Mu [6] studied a single-period model, which evaluated the optimal procurement quantities from unreliable suppliers prone to yield uncertainty. Agrawal and Nahmias [7] studied supplier diversi cation with deterministic demand and random yield of the supplier for a newsvendor inventory problem while Dada et al. [8] considered similar assumptions with stochastic demand in which the goal was to select a number of suppliers from the available set of suppliers. Maddah et al. [9] studied a production/inventory system with random yield in quality of products. Having a high capability to adopt supply uncertainty, random yield models are largely utilized in inventory models with uncertainties.
Only a small portion of the literature focuses on multiple sourcing strategies. Several studies have been performed in a single sourcing environment [10] [11] [12] . Not considering alternative suppliers, the above papers tend to keep extra inventory to decrease the e ect of uncertainties on the supplier. Dada et al. [8] studied a newsvendor problem in which multiple unreliable suppliers with di erent prices and reliabilities were utilized to serve the customer demand. In most of the models with multiple suppliers, the prices of suppliers are considered to be similar while a portion of multiple sourcing models consider contingency sourcing tactic in which the orders are placed on both cheap unreliable and expensive reliable suppliers. Tomlin and Wang [13] contributed a dual sourcing model with two sets of cheap unreliable and expensive reliable suppliers. In the related research, the reliable supplier is also called the emergency supplier. Similarly, Tomlin [14] considered two sets of reliable and unreliable suppliers with capacity constraint and exibility in the capacity of reliable supplier. Iakovou et al. [15] proposed a model in which the optimal reserved capacity level from the emergency supplier was determined for each discrete part by taking into account all inventory-related costs, including the premium cost to be paid for emergency capacity reservation. Keramydas et al. [16] focused on the evaluation of emergency sourcing risk mitigation strategies for a discrete part manufacturer, employing a quantitative approach. Chen and Yang [17] considered a supply chain in which a buyer purchased nished items from a contracting supplier to satisfy a stochastic market demand, where the supplier's production was subject to random yield. Mardan et al. [18] provided a two-stage stochastic model to handle the yield uncertainty of suppliers. Zhang et al. [19] provided comprehensive contingency management framework for supply chain disruption risk. Glud Johansen and Thorstenson [20] investigated emergency ordering in a periodic-review inventory system with xed ordering cost and stochastic demand. Huang et al. [21] studied a real-time decision rule for inventory system with committed service time and emergency ordering. Axs ater [22] presented an improved decision rule for emergency replenishment policy. In the above models, emergency ordering has considerably improved the e ectiveness of the associated models.
In the mentioned models, it is considered that the demand of each product can be ful lled only by the related product while, in many practical applications, it is possible to satisfy the arisen demand exactly by the related product or substitutable products. Bassok et al. [23] studied a single-period model with periodic review with product substitutability. Ganesh et al. [24] studied the e ect of product substitution in a multi-product, multi-level supply chain. Iravani et al. [25] studied process exibility and inventory exibility, which arose due to product substitutability. Huang et al. [26] studied a newsvendor problem with partial product substitution and proposed an iterative algorithm. Liu et al. [27] studied a newsvendor game with product substitution for two retailers. Goyal and Netessine [28] analyzed the volume exibility for two products with substitution of products. This paper tends to present the mutual e ect of product substitutability and emergency ordering as two novel tools to handle the arisen uncertainties.
In conclusion, it can be mentioned that there are a variety of methodologies for inventory models with suppliers yield uncertainty [29] . However, to the best of our knowledge, robust optimization modeling has not been implemented in the investigated area. In addition, product substitutability and emergency ordering have not been concurrently taken into consideration while considering both of these concepts can highly improve both procurement and demand ful llment parts of the model. Accordingly, this paper has been established on two major gaps in the literature. First, this study considers the e ect of both emergency ordering and product substitutability as e cient tools in minimizing the e ect of supply uncertainties. Second, this paper considers a robust optimization approach, which can e ciently minimize the variability of the possible outcomes.
Proposed model 3.1. Model assumptions
This paper presents a multi-period inventory problem with multiple products/items. The items can be ordered into cheap unreliable or expensive reliable suppliers. The unreliability of suppliers arises due to the yield uncertainty. The demand can be ful lled exactly by the related product or by the substitute product. The model is embedded in a two-stage decision making process in which, in the rst stage, the orders are released to the unreliable suppliers and, later, when new information about the yield of the unreliable suppliers becomes available, the orders are released to the emergency reliable supplier. In addition, the assignment of the delivered products, which includes substitution of products, is decided in the second stage. It should be noted that the emergency orders, which are placed in the second stage, cannot exceed the reserved quantity of each item, which is determined in the rst stage. Such assumption arises by the fact that the occasional cooperation with emergency suppliers can be performed based on reservation contracts. In addition, the surplus quantity of each item at the end of the planning horizon is considered in the model by a book value less than the procurement price. It is considered that a portion of the unful lled demand is lost and the other portion is backordered to the next period. In addition, all of the backordered demand at the end of the planning horizon is lost. A risk-averse decision maker is taken into consideration by whom at least a minimum portion of the arisen demand of each product should be ful lled. In addition, it is considered that at least a minimum percentage of the ful lled demand of each product should be satis ed exactly by the related product and cannot be ful lled by the substitute products. The decision process is depicted in Figure 1 
Proposed robust optimization framework
Robust optimization method, proposed by Mulvey et al. [30] , extends the traditional stochastic programming models by adding a variability measure to the expected 
Proposed variability measures
It should be noted that for the problem proposed in this study, using a symmetric variability measure can generate ine cient solutions, which are not acceptable by a sagacious decision maker. The variability measures are determined based on lower partial variability measures as follows.
Partial Lower Deviation from Mean (PLDM)
A large portion of decision makers prefer lower pro t partial variability, in which it is used to measure variability of the model for the cases with lower pro t than the average pro t. Partial Lower Deviation from Mean (PLDM) calculates the expected lower partial deviation from the mean by the following equation: The variability of each scenario from the reference
Robust model
The proposed robust model can be introduced as follow:
BV i I i;T;s ; 8s; (5) indicates that the ful lled demand is ful lled by exactly the related product or the substitute products. Eq. (6) indicates that a portion of the unful lled demand is backordered and the other portion is lost. Eq. (7) indicates that at least a portion of demand should be ful lled and not backordered or lost. Eq. (8) indicates that at least a portion of the ful lled demand should be satis ed exactly by the related product. Eq. (9) guaranties that the emergency orders do not exceed the reserved quantity. Eq. (10) determines the variability of the robust model. Eq. (11) indicates the non-negativity of variables.
Case study
In this section, we describe the results of the proposed model, which is implemented in an actual case. The models are coded in GAMS and solved with CPLEX 11 solver in a computer with 2.26 GHz core2 duo CPU and 3 GB RAM.
Outline of the case
The proposed robust optimization model is implemented in a distributor of pharmaceutical products located in Tehran, Iran, which distributes a variety of nished dosage drugs in the forms of tablets, capsules, syrup, and injection with di erent clinical therapeutic categories of antibiotics and non-antibiotic. Cephalosporin antibiotics, including Cefalexin and Cexime, in di erent dosages and product forms are investigated in this study. The associated distributor receives the products mainly from several pharmaceutical companies based on their previous relationships or long-term contracts while emergency orders could be placed on other manufacturers or importers that can perfectly supply the related product from their available stock. The substitutability for a pharmaceutical case arises according to the allowed interchangeable use of drugs with similar clinical e ects or the use of a similar drug with a di erent dosage form. The investigated distributor is concerned with 8 cephalosporin antibiotic products procured by 6 pharmaceutical companies (which are considered as the unreliable suppliers). The products under investigation are produced in the forms of tablets, capsules, and suspension.
Results
In Table 1 , the numbers of engaged constraints and variables and the results of both two-stage and robust models are presented. As can be observed, the numbers of variables and constraints for both ordinary two-stage and robust models remain relatively close, indicating that similar solvers can be used for both the twostage and the robust models. In the rest of this study, the emergency ordering expenses include the reservation costs and the procurement charges of the emergency supplier. It is clear that by adding the variability measure, a lower net pro t is obtained by the robust models, which arises because of the lower demand ful llment income and higher reliance on the emergency supplier. In addition, the target value is determined by multiplication of a coe cient in the objective function of the pure two-stage model. In the following section, we rst present the e ect of emergency ordering and product substitutability and then present a detailed survey of the robust models. 4.2.1. E ect of emergency ordering and product substitutability The emergency orders are directly a ected by the price of the emergency orders while the portion of demand which is ful lled by the substitute product can be controlled by the values of . In the following sections, the values of emergency ordering and product substitutability are presented for = 0.
Value of emergency ordering Although considering the emergency ordering assumption increases the complexities of the mathematical model, it provides higher exibilities for the decision maker, which leads to higher net pro t. It is obvious that when the price of the emergency supplier increases, a lower quantity is ordered to the emergency supplier and after a threshold price for the emergency supplier, the model almost neglects the availability of emergency supplier because of its high price. To depict the behavior of the model for di erent emergency supplier prices, Emergency Price Coe cient (EPC) is utilized, which is multiplied in the original data to produce new emergency prices. In order to depict the e ect of the new emergency prices, a criterion called Emergency Supplier Utilization (ESU) is formed, which determines the average ratio of orders to the emergency supplier and is calculated by the following equation: Besides ESU criterion, the value of objective function shows the value that is added to the model for di erent values of EPC. The di erence between the objective function for a high value of EPC and the actual data depicts the value of emergency ordering option. Figure 2 depicts the behavior of the model for di erent values of EPC.
It can be inferred from Figure 2 that as the price of the emergency source increases, a lower net pro t is attained. In addition, it can be inferred that after a threshold value for EPC, the model is almost transformed into a model with only cheap unreliable suppliers. Accordingly, the Value of Emergency Sourcing (VES) can be calculated by the di erence between the pro t gained by the actual case and the one with high value of EPC, which is calculated as follows:
V ES = Pro t EP C=1 Pro t EP C=7 = 3321:18:
In addition, the portion of the total pro t which is attained by emergency ordering is calculated in the following equation: V ES=Pro t EP C=1 = 3321:18=16715:04 = 19:84%: Accordingly, 19.84% of the pro t is attained by exibilities which are provided by emergency ordering option.
Value of product substitutability Besides emergency ordering option, this paper presents product substitutability, which can provide higher exibilities for the decision maker. It is clear that = 1 indicates a model which fully prohibits product substitutability while = 0 fully allows for product substitutability. The behavior of the pro t function for di erent values of is depicted in Figure 3 .
The maximum Value of Product Substitutability (VPS) is computed as follows: V P S = Pro t =0 Pro t =1 = 864:43: Accordingly, the maximum percentage of the pro t which can be attained by product substitutability is computed as follows:
V P S=Pro t =0 = 864:43=16715:04 = 5:17%:
E ect of model robustness PLDM model
The results of the robust model with the PLDM variability measure are presented in Table 2 . The second to the seventh columns represent variability and parts of objective function including ordering cost, backordered/lost sale cost, inventory cost, and demand ful llment income. As the value of increases, the relative importance of the model robustness increases, which leads to the decrease in the PLDM variability. In addition, as the value of increases, the ordering expenses to the unreliable suppliers decrease while the emergency ordering and the overall ordering expenses increase. This implies that as the value of increases, the decision maker relies more on the expensive reliable supplier, which leads to the increase in the overall ordering expenses. Also, as the value of increases, the backordered/lost sale expenses increase, too, which indicates that in order to decrease the variability, the model tends to ful ll a lower portion of the demand, which leads to the increase in backordered/lost sale expenses. The result indicates that as increases, the overall order quantity, which includes both order quantities to the reliable and unreliable suppliers, decreases. In addition, due to the short length of the planning periods, the inventory holding costs constitute only a small portion of the overall expenses. Table 2 shows the results for PLDM variability measure, which veri es the above discussions. It should be noted that while a decision maker wishes to have a robust model, he/she should choose a value for which re ects his/her attitude toward pro tability or the required service level, too. Figure 4 illustrates the relation between variability and the overall net pro t. It can be inferred that as the desire of the decision maker to obtain a more robust model increases, a lower net pro t is attained.
On the other hand, it is obvious that lower backordered/lost sales expenses correspond with a higher service level. Figure 5 shows that as increases, a higher expected backordered/lost sale is determined by the model. Accordingly, by increase in the value of , a lower service level is obtained. In summary, it could be concluded that while the decision maker desires a robust solution regardless of pro t or service level, a high value of should be selected. Also, if the decision maker desires to achieve a solution which corresponds with higher service level and net pro t, a low value of should be implemented in the model.
PLDT variability measure
In this study, the target value for PLDT model represents a yardstick in which the decision maker desires to minimize variability of solutions, which has a net pro t lower than it. In order to investigate the behavior of the model against perturbations in the values of R and , a range of values are generated for both R and . The value of depicts the importance of solution robustness for the decision maker while R depicts the pro t goal. Table 3 depicts a summary of the results of the model for a set of values of and R .
As it is expected, for a given value of R , as increases, the variability measure decreases. Thus, by the increase in , better control is provided on the variability of solutions similar to PLDM model. In addition, as the value of increases, unreliable supplier ordering expenses decrease while the expected emergency ordering and the overall ordering expenses increase. The increase in the expected emergency supplier expenses indicates that as the value of increases, the model takes the advantage of reliability of the reliable emergency supplier more. However, higher utilization of reliable suppliers besides lower utilization of unreliable suppliers results in the decrease of the inventory holding costs. In addition, the increase in results in higher expected backordered/lost sale expenses. The increase in both the expected backordered/lost sale and the overall ordering expenses indicates that as increases, a lower overall quantity is ordered to both reliable and unreliable suppliers. Finally, it should be noted that as the value of increases, both demand ful llment income and the net pro t decrease.
On the other hand, for a xed value of , as R increases, the ordering expenses to the unreliable suppliers decrease while the emergency ordering and the overall ordering expenses increase. However, by the increase of R , the backordered/lost sale and the inventory holding expenses decrease while the net pro t of the model increases. In addition, the variability of the model increases by the increase of R . Figure 6 illustrates the tradeo between the expected pro t and PLDT variability for di erent values of R . It can be inferred that by the increase of the target value (R ), a higher variability is determined by the model. Accordingly, if the decision maker desires a more robust solution with lower variability, a low value should be selected for R . Figure 7 depicts the tradeo between the overall ordering expenses and the expected backordered/lost sale expenses for di erent values of R , which indicates that for a xed value of , as the expected overall ordering charge increases, lower expected backordered/lost sale expenses are determined by the model. In addition, for a given , as R increases, lower backordered/lost sale expense is obtained. In summary, it could be concluded that and R should be selected in a way that re ects the decision maker's attitudes toward, for instance, risk averseness, attained net pro t, variability, etc. Accordingly, if the decision maker desires to minimize variability, he/she should select a model with a low value of R and high value of while for a service-sensitive decision maker, a high value of R and low value of should be implemented. The presented framework is valid in depicting the behavior of the model for di erent values of R and for other cases (e.g., data of other companies) and only the scale of the values might be changed. In such cases, it is possible to run the model for several values of R and initially and by observing the behavior of the model ingredients, it is possible to narrow the values of and R based on managers' decision. This means that in using other data, it is possible to use other ranges for and R . However, in such cases, the behavior of the ingredients of the models remains the same.
Comparison between PLDM and PLDT variability measures In this part, the behavior of the PLDM and PLDT models are compared in a way that directs the decision maker to select the proper model. As explained in the previous sections, in the PLDM model, the variability measure basically depends only on the values of while in the PLDT model, the variability depends on both R and . As it is expected, when the target value is not restricted to a predetermined value (PLDM model), as the value of increases, a higher control on the variability is acquired while in the PLDT models, for a given value of R , as increases, variability slightly decreases. In addition, for a given value of , increase in R results in increase in PLDT variability. On the other hand, for a given value of R , as the value of increases, the backordered/lost sale expenses increase slightly while for a given value of , as R increases, a lower backordered/lost sale is obtained for the problem. In addition, for PLDM models, a higher backordered/lost sale is achieved. Also, as the value of increases, the net pro t of both PLDM and PLDT models decreases. However, the decrease rate for the PLDM model is higher. Figures 8-10 depict the variability, backordered/lost sales, and net pro t of PLDM and PLDT models for di erent values of R and .
In order to illustrate the fact that which model should be selected by certain practitioners, a comparison has been performed between PLDM and PLDT models. In a service-sensitive company that desires high customer satisfaction, the decision maker should select a model which results in the lowest backordered/lost sale expenses. In the experiment, the PLDT model with a high value of R and low value of results in the least backordered/lost sale expenses. Although such model results in lower backorder charges, it results in relatively high variability, which is not desired for a decision maker who seeks for a robust model with low variability. On the other hand, if the decision maker desires the highest average net pro t regardless of backordered/lost sale and variability, a PLDM model with a small value of should be utilized and if the decision maker desires to achieve a robust solution with a relatively small variability, a PLDM model with a high value of should be implemented. However, the PLDM model with a high value of results in higher expected ordering and backordered/lost sales expenses, which indicates a low customer service level.
In the above discussion, the behavior of the model was studied based on real data. Managers and practitioners who are going to use the proposed model should precisely consider the fact that by using other data sets, the behavior of the model remains the same but the scale of the model might be changed. Accordingly, to determine the values of and R in other problems, it is proposed that, initially, the decision maker run several problems with a wide range of and R with di erent values to check the variation of the model ingredients and, in the next step, based on the achieved results, the practitioner select a narrow range of and R and precisely determine the nal values of and R .
Conclusion
This paper presents a two-stage stochastic model for an inventory problem with uncertainty. The orders can be placed on both expensive reliable supplier and cheap unreliable suppliers prone to yield uncertainty. The demand can be ful lled directly by the related product or the substitute product. A robust optimization approach with PLDM and PLDT variability measures is proposed. Our experiment reveals the behavior of the model for each of the proposed variability measures and speci es the proper model based on attitude of decision maker against the desired backordered/lost sale, pro tability, and solution robustness. It is clear that it is not possible to attain a model which concurrently maximizes the net pro t and minimizes the variability and backordered/lost sale expenses. Accordingly, in any practical implementations, a tradeo between the above measures should be achieved according to the desire of the decision maker. According to the results of this experiment, if the decision maker desires to maximize the net pro t regardless of the backordered/lost sale or the variability of the model, a PLDM model with a small value of should be selected. Also, if the decision maker desires to minimize the backordered/lost sales, a PLDT model with a high value of R and low value of should be selected while if the main desire is to minimize variability, a PLDM model with high value of should be selected.
Although the proposed variability measures work based on the rst order of deviation, which makes it possible for the model to be solved by LP solvers, it is possible to use second-order variability measures, which necessitates a quadratic solver. According to the current limitations on quadratic solvers, it is not possible to solve large-size problems by the current commercial quadratic solvers. In such cases, it is possible to use approximation methods, such as Sample Average Approximation, which deal with a smaller number of scenarios. Although the utilization of quadratic measures results in a more complicated model, it can provide better control on the variability of model.
In addition, although the above model is implemented for a pharmaceutical distributor, it can be implemented in a variety of other applications including grocery or semiconductor industries in which similar assumptions can be implemented. Finally, it should be noted that the majority of the inventory models with disruption in the literature are modeled in a way that is not easily extendable for similar assumptions while this paper presents a exible mathematical model which can easily embody other assumptions. In addition, the proposed model excels the previous inventory disruption models by considering a variability measure which is not easily adaptable to the previous models. Accordingly, it is strongly recommended that the proposed method be considered before implementing other methods. 
